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ABSTRACT. The FitzHugh-Nagumo system has been studied extensively for several decades. It
has been shown numerically that pulses are generated to propagate and then some of the pulses are
annihilated after collision. For the mathematical understanding of these complicated dynamics, we
investigate the global dynamics of a one-dimensional free boundary problem in the singular limit
of a FitzZHugh—-Nagumo type reaction—diffusion system. By introducing the notion of symbolic
dynamics, we show that the asymptotic behaviors of solutions are classified into three categories:
(i) the solution converges uniformly to the resting state; (ii) the solution converges to a series of
traveling pulses propagating in either the same direction or both directions; and (iii) the solution
converges to a propagating wave consisting of multiple traveling pulses and two traveling fronts
propagating in both directions.

1. INTRODUCTION

Various patterns are observed in the natural world, such as crystallization [2], bacterial colonies
[8], and chemical reactions [[5]. Many researchers have been attracted by the problem of pattern
formation, and they have proposed mathematical models to study these patterns. Among them,
excitable systems provide many interesting patterns, such as traveling pulses, spiral waves, target
patterns, and more complicated dynamics, which may arise in reaction—diffusion systems such as the
Belousov—Zhabotinsky reaction, and the FitzHugh—Nagumo system (e.g. see [I, [3, 6, 20, 22, 23]).
These patterns have been observed by experiments and numerical simulations. Mathematically,
there are several ways to capture the patterns of the solutions of reaction—diffusion systems: phase
analysis [Z1], bifurcation theory [I3], and interface analysis [17, [9]. However, it is still difficult to
derive the global dynamics of solutions of reaction—diffusion systems. To study the global dynamics,
in this study, we focus on the global dynamics of existing pulses and neglect the nucleation of pulses.

To introduce our model, we review the singular limit problem obtained from reaction—diffusion
systems. Singular limit analysis is often used to obtain the equation for the sharp interface between
coexisting different chemical or physical states. Indeed, it is well known that many reaction—
diffusion systems can produce interfaces when some diffusion rates are small enough or some reaction
terms are large enough. A typical example is the following FitzHugh—Nagumo reaction—diffusion
system:

(1.1) up = EAu—l-é(F(u) —v),
v = Gu,v), zeR" t>0,
where nonlinear functions are given by
Fu)=u(l—-u)(u—a), G(u,v) = +y1u— Y0

for some a € (0,1) and 7; > 0,7 = 0, 1,2. For each v € (min, ¢ 1) F'(u), max,cp 1) F(u)), F(u)—v =
0 has three zeros, which are denoted by h4(v) and ho(v) with h_(u) < ho(v) < h4(u), where hy(v)
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are stable equilibria for the ODE: u; = F'(u) —v. By a formal analysis (see [I1l, 22] for more details),
the singular limit problem of () as ¢ | 0 can be written as

V., = R(v) in 9Q(t),
{ Ut = G(lg(t)h+(v)+(1—lg(t))h_(v),v),

where (t) is the region on which u converges to hy(v) as € | 0, V,, is a normal velocity of (¢),
and R(v) is the speed of one-dimensional traveling waves of us = uz, + F'(u) — v. To regularize the
system, curvature s is often added at = of 9€2(t), and then we have
(12) { Vo, = R(v)—ekx in 9Q(t),
v = G(hy(v)lge +h-(v)(1—1gp),v)

with a small positive constant e, where 1q) is a characteristic function of €2(¢) in R. To the best
of our knowledge, this type of systems was introduced by Fife [I1] in 1984 (therein, the v-equation
contains a diffusion term). These types of interface problems may involve abundant spatio-temporal
patterns and bring mathematical challenges. The problem (I2) with diffusion term in the v-
equation has been studied in the literature. For example, the existence of solutions was studied
in [@, B]. The global existence of a weak solution was established in [I2] by the viscosity solution
approach. The well-posedness for a one-dimensional space case and € = 0 was studied in [14]. In
fact, the diffusion term that appears in the v-equation can guarantee the regularity of solutions.
However, the case without diffusion term in the equation for v has not been studied so much. In the
one-dimensional space case, the existence, uniqueness, and non-uniqueness of weak solutions were
considered in [6], but the global dynamics is still not understood well because of the complexity.
It is rather difficult to study the global dynamics such as the asymptotic behavior of solutions for
these types of interface problems with initial data. Hence, one may study a simplified model to get
a better understanding of the complex dynamics that has been observed in the experiments and
simulations (see, e.g. [0]).

In this paper, we consider the following FitzHugh—Nagumo type reaction—diffusion system pro-

posed in [7]:
1
(13) { U = Au + ?(fe(u) - 661})7
v = g(u,v), z€R? t>0,
where € > 0 and
1 gav
=u(l — ——+ea), ,V) = -
) == (w5 bea) o) =g B

for some g; > 0 for j = 1,2,3,4. For a solution (u®,v%) of (I=3), we can expect that as € | 0, u®
converges to 1 or 0 from the first equation of (IZ3). In this case, we denote the region where u®
converges to 1 by Q(t). Under the assumption

(A) 9193 > 292,

it was shown in [7] that by a singular limit analysis (taking € | 0), (I=3) is reduced to
(1.4) V = W) -k, (xz,y) € 092(t), t >0,
‘ vy = g(lQ(t),U); (xay) €R27 t>0,

where £ is the curvature function of 9€(t), V' is the outer normal velocity of 9€2(t), and
W(w)=a—-bv, a= V2a, b=6V28.
For further details refer to [@, Appendix].
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The existence of traveling spots of system (I2) was established in [[7]. The authors in [8] showed
that the traveling spot converges to a planar traveling wave when some system parameter varies.
The existence, uniqueness, and stability of traveling curved waves was reported in [I8], where each
interface was represented by a graph.

To get a better understanding of the complicated dynamics of ([4), one may consider the one-
dimensional spatial problem, where the curvature effect vanishes completely. This leads us to study
the following problem:

(15) {V = Wxt),  x€dQt), t>0,

ve = g(log),v), reR, t>0.

Throughout the paper, we assume condition (A), which is necessary for the singular limiting process
(see [7]). In fact, in our analysis, it suffices to assume a weaker condition g1g3 > ga.
Our aim is to establish the complete global dynamics of (ICH) with suitable initial data. Here,

we assume that (0) := Qg consists of m disjoint bounded intervals, i.e.,

m

Qo := U(xgjflaxgj)'

j=1
Under suitable conditions, we can show that there exists © = zy(t), k = 1, ..., 2m satisfying z4(0) =
2% and certain ODEs such that

m

(1.6) Q) = | (way-1(8), 225(1))

1=

—_

for some time interval. Here, each x = x(t) is said to be an interface of (IH). From a modeling
viewpoint, we call each (x2j_1(t),z2;(t)) (j = 1,...,m) an excitation interval at time t; Q(t) the
excitation area at time t; R\Q(t) the resting area at time ¢.

Note that interfaces may collide with each other such that a classical solution cannot be extended
beyond this time, called the annihilation time. Such a phenomenon was already considered by Chen
and Gao [6] who studied problem (I2). Based on some suitable setting, they introduced the notion
of a “switching” solution of (IZ2), namely, a solution switching from excitation area to resting area
or from resting area to excitation area at some time, to study nucleation and annihilation. Though
they call it a weak solution, it is different from the usual sense of a weak solution. To avoid the
confusion, we call it a “switching” solution. They showed the uniqueness of the “switching” solution
(see [B] for the details). Among other things, they also discussed the ill-posed issue and studied
the nucleation phenomenon of interfaces which will not be investigated in our study. The global
dynamics of (I2) is still open.

To study the global dynamics of our system, it is required to study the continuation of solutions
beyond the annihilation time. In [4], we introduce the notion of weak solutions (see Definition P4
below), and establish the global existence and uniqueness of weak solutions to (IC3) with initial
data. In this paper, we aim to understand the global dynamics of (IC3) with suitable initial data.
Because of the presence of the annihilation, it is not easy to characterize the long-time behavior of
solutions of (I"3) when the number of the initial excitation intervals are large. To overcome this,
we adopt the notion of symbolic dynamics (cf.[T0]) to determine the eventual number of excitation
intervals depending on the sign of W (vo(x)) on 92(0). More precisely, we show that the number
of excitation intervals is non-increasing in time and eventually becomes a constant such that the
convergence of solutions to multiple traveling pulses (fronts) can be established completely. A key
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idea to the proof of the convergence results is to introduce the so-called arrival time of interfaces
(see Definition 223 below), which helps us establish important estimates.

The rest of the paper is organized as follows. In Section B, we recall the definition of classical
and weak solutions for our model introduced in [9], and then present the main results. In Section B,
we investigate the global dynamical behavior of solutions to problem (IH).

2. MAIN RESULTS

In this section, we state our main results. A solution (£2,v) of (IZ3) is a (unbounded) traveling
front solution with speed c if
Q) =Qp(t) ={z |z <ct}, v(z,t)=pr(z—-ct),
where function ¢ (-) € C(R)NC(R\{0}) satisfies o (—00) = 0o and pp(+00) = 0. By a traveling
pulse solution with the speed ¢, we mean that a solution (€2, v) of (IT3) takes the following form:
Q) =Qp(t) ={x | ct—tlp <z <ct}, v(z,t)=pp(zr—ct)

for some positive constant £p, and a function pp(-) € C(R)NCH(R\ {0, —£p}) satisfying pp(F£oc) =
0.

Our first main result shows the existence of a traveling front solution and a traveling pulse
solution of ([H) in terms of the following functions used in [[d, B, IX]:

(2.1) Go'(v) = /M @)’ Grim= /0 g(Cf@’

where M is given in (24) below.
By simple computation, we have

(2.2) O<gl—Z—2§G'1(§)§g1 for € > 0.
3

Theorem 2.1. There exist a traveling front solution (Qp(t), or(x — at)) and a traveling pulse
solution (2p(t), pp(z — at)) of (I3) with speed a, where

Qp(t) :={z | z < at}, ¢p(z):=G; <(_2)+> ,

a
_1{ 2a
Qp(t) :={z | at—lp <z <at}, {lp:=aGy 5 )
_ N\t
Gl <( z) >a Zf _Esza

pp(2) =

2
Go <—ZZ€P + Gyt (;)) if 2 < —0p.

Here, we use the notation (£)* := max{¢,0}. From Theorem 21 and the profile of G; (i = 0, 1),
we see that the wave profile pp(-) satisfies

op(z) =0for 2>0, ¢p(z)<0forz<0
and the wave profile pp(-) satisfies
ep(z) =0 for z >0,
¢p(2) <0 for —lp < z < 0 with pp(—Lp) = 2a/b,
©’p(z) > 0 for z < —p with pp(—o00) = 0.
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This is essentially shown in [IR], but is not explicitly stated. For the readers’ convenience, the
proof of Theorem P is given in Section B2. Moreover, the traveling front (resp. pulse) solution is
unique up to translation (see Remark B77).

To study the global dynamics of (IC3), we consider the following initial value problem:

Vo= W(), z € 00(t), t >0,
(2.3) v = g(law),v), zEeR, t>0,
Q(O) = Qo:= U;nzl(xgjfbxgj)a U(CE, 0) = Uo(l‘), z € R,

where the initial data satisfies
(H1) (Boundedness) € consists of m disjoint bounded intervals and vy > 0 is a bounded Lips-
chitz function defined in R with
(2.4) M = [Jvol| oo (m)-
(H2) (Well-posedness) W (vg(x)) # 0 for any = € 9Q(0).

Note that condition (H2) is demanded to guarantee the well-posedness of (223). We refer to
[d] for a more detailed explanation. Let us recall the definition of a classical solution from [9] as
follows.

Definition 2.2. (i) (Q,v) is called a classical solution of (EZ3) for 0 < ¢ < T if there exist
x, € CY([0,T]), k =1, ...,2m, and

ve CR x [0,T]) N C (R x (0,T)\ {z = zx(t), t€[0,T], k = 1, ...,Qm})
such that

xl(t) <0 K l‘gj_l(t) < x2j(t) < x2j+1(t) < e xgm(t), 0<t< T,

m

Q= | 20 x= | |U@oy-1().2s00) x {1}

0<t<T 0<t<T |j=1
and the following equations hold pointwisely:
2.5) ai(t) = (—l)kW(v(:I:k(t),t)> = (—l)k(a - bv(mk(t),t)>, 0<t<T, k=1,..2m,
(2.6) v = g(low,v) inRx[0,T],
(2.7) 2(0) = 2%, v(z,0) = vo(z).

(ii) (92, v) is called a classical solution of (233) for 0 < ¢ < T if it is a classical solution for 0 <t < 7
forall0 <7 <T.

(iii) (92,v) is called a classical solution of ([H) for 7 < ¢ < T for some 7 > 0 if (i) holds with t =0
replaced by t = 7.

(iv) (2,v) is also called a non-negative classical solution of (IF) for 7 < ¢ < T for some 7 > 0 if
(iii) holds and v > 0.

Next, we recall the notion of the arrival time (cf.[I8]) as follows, which play a crucial role in our
analysis.

Definition 2.3. Let (£2,v) be a classical solution and x = z(-) be strictly monotone in ¢ for each
k. Given any y € R, we say that Tj(y) is the arrival time of the interface x = x(t) for some
ke {1,...,2m} to y if y = z,(Tx(y)). For convenience, we define Tj(y) := 0 if y < z(0) with
z;.(0) > 0 or y > x5(0) with z},(0) < 0.
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We remark that the arrival time ¢ = Ty (y) can be almost seen as the inverse function of t =
wlzl(y) However, we allow the arrival time to be defined as 0 in some y.

Note that two faced interfaces may collide with each other (called an annihilation) at some time,
and so the classical solution cannot be extended beyond this time. This leads us to introduce the
annihilation time as

(2.8) T4 = Ta(Q0,v0) :=sup{7T > 0| x(t) < zp41(t) for all t € [0,7) and k =1,...,2m — 1},

where m is the number of intervals of €(0). Note that 0 < T4 < oo because of (H2). If T4 = o
then the classical solution exists globally in time. If T4 < 0o, then there are two adjacent interfaces
colliding with each other at time ¢t = T4, in which case we need to introduce the weak solutions to
consider the continuation of the solution beyond the annihilation time.

Hereafter, for convenience, we shall use the following notations:

QT =R X [O,T], QC = QT\Q,
where Q C R2.

We now recall the definition of weak solutions from [4]. Let

v € C(Qr) and is Lipschitz continuous in z,

Q C Qr, 09 is Lipschitz,

v 7 a/bon Uycycq 0Q(t) X {t}, ’
'U(IL’,O) = ’U()(x), Q(O) QO - Uj 1(1’8] 1,.%‘(2)])

where
Q(t) := intg{z € R | (z,t) € Q}.

Remark that (Jy<,<p 02(t) x {t} represents to the set of all interfaces in [0, 7] when it is a clas-
sical solution. Since 0f2 is Lipschitz, the unit outer normal vector to 02 exists almost everywhere,
which is denoted by n := (n1,n2).

Definition 2.4. (i) We say that a pair (£2,v) is a weak solution of (Z3) for 0 < ¢ < T'if (Q,v) € Xp
and satisfies the following conditions (C1) and (C2).

(C1) For any ¢ € H'((0,7); L*(R)) and ¢ € H((0,T); L?*(R)) such that ¢ has a compact
support in R x [0,T7],

(2.9) [ /IR gpdx] / / ordzdit /Bm(RX(OT))W(v)@\nﬂda,
(2.10) [ / m/;dx] / / v + g(Logp )w>dxdt.

(C2) If B(xg,r0) x {to} C Q (resp. C Q°) for some 9 > 0 and ty € [0,7), then there exists
70 € (0,T — to] depending only on ry such that

{zo} X [to, to + 0] C Q (resp. C Q°).

(ii) We say that a pair (Q,v) is a weak solution of (Z33) for 0 < ¢ < T' if it is a weak solution for
0<t<rtforallre(0,T).

Note that Definition B2 excludes the possibility of the generation of new interfaces. Indeed,
for weak solutions, new interfaces may generate from any positive time such that the uniqueness
of solutions does not hold in general. To prevent the nucleation of interfaces, we need an extra
condition (C2) similar to condition (iii) of [G]. See [d] for more detailed explanation.



GLOBAL DYNAMICS ON ONE-DIMENSIONAL EXCITABLE MEDIA 7

With the notion of classical and weak solutions, the following three results are established in [H].

Proposition A. ([9, Theorem 2.4]) Assume (H1) and (H2). Then problem (23) has a unique
local in time non-negative classical solution.

Proposition B. ([4, Proposition 3.8]) Assume (H1) and (H2). Then the classical solution of
problem (B23) can be extended uniquely until an annihilation occurs. Moreover, xy(t) is strictly
monotone in [0,T4), where T4 is defined in (Z8). If Ty < oo, there exists a positive constant §
such that |z (t)| > 6 for allt € [0,Ta) and k= 1,...,2m.

Proposition C. ([9, Theorem 2.5]) Assume (H1) and (H2). Then there is a unique global in time
weak solution to problem (23).

Remark 2.5. It has been shown in [9] that if (Q,v) is a weak solution for ¢ € [tg,t1], then
there exists an integer N such that (Q,v) becomes a classical solution for t € [r;, 7;41) for some
i1 =0,1,...,N with 7y = ty and 7y = t1, where 7; is an annihilation time for 1 <i < N — 1.

We now state the main results of this work as follows.

Theorem 2.6. Assume (H1) and (H2). Then any global weak solution of (BZ3) must be one of
the following types:

(I) there exists T > 0 such that Q(t) =0 for allt > T and limy_, o sup,eg |v(z,t)| = 0.
(IT) there exist x_op,_ < -+ < 21 < 21 < -+ < Tom, for some non-negative integers m
satisfying m > my + m_ # 0 such that the following hold:

(2.11) lim z},(t) = +a, k==+1,---,+2m,

t—r00
(212) t]i)rgo(x_gj'f‘l(t) —.'Ij'_gj(t)) :€P7 ] - 1727'” , M—,
(213) thglo(SU,QjJFQ(t) - l‘,2j+1(t)) = 00, ] = 2, ey M,
(214) tlggo(xgj,l(t) - 1‘2]',2(75)) =00, J= 2, ceey My,
(2.15) tliglo(xgj(t) —xgj_1<t)) ng, j = 1,~-- , M4,
(2.16) lim sup |v(z,t) — voo(x,t)| = 0,

=00 LR

where {p is defined in Theorem 2 and

-1

(2.17) vso(,8) == Y op(a;(t) —2) + Y pp(e —w(t));

j=—m_ j=1

(III) there are x_opm_ < -+ < w1 <y-1 < y1 < 71 < - < Ty, satisfying () —(213),
m > mg +m_ + 1 such that the following hold:

(2.18) lim |y£1(t) —241(t)] =00 if mg > 1,
t—ro0
(2.19) lim sup |v(z,t) —veo(z,t)] =0 for any positive constant K,

t=00 pelk (t)



8 YAN-YU CHEN, HIROKAZU NINOMIYA, AND CHANG-HONG WU

where

g (t) := (=00, y-1(t) + K] U [y (t) - K, 00),

-1 m4
(2.20) Voo, 1) = Y pp(ma;(t) — ) + A(my_1(t), (1) + D> pp(w — z2;(t)),
j=—m_ j=1
(2.21) Az y—1,91) = ¢F <‘y_12+y1 - :r‘ - y1_2y_1> :

For convenience, we say that the solution is of type (I) (resp. (II), (III)) if it satisfies (I) (resp.
(II), (III)) of Theorem 8.

Remark 2.7. Conclusion (I) of Theorem P8 means that all interfaces collide during a finite time
interval and no interface exists eventually. Hence, all excitation intervals disappear and the whole
space becomes the resting state. For (II), the system eventually has my + m_ disjoint excitation
intervals. If m_ = 0 (resp. m4 = 0), then it is regarded as the existence of 1 < --- < x,,, (resp.
Tm_ < --+ < x_1) only. This means that the solution converges to a series of traveling pulses
propagating in the same direction with the speed a. Note that my +m_ # 0. Otherwise, this case
reduces to (I). For (III), which is different from (II), z = y41(¢) is an interface that describes a
traveling front. A solution of type (III) means that the solution converges to a wave that contains
two traveling fronts following to a series of traveling pulses propagating in different directions.

We simply consider the case m =1 to illustrate that each case in Theorem P8 can occur.

Theorem 2.8. Assume (H1)-(H2) and let (Q,v) be a global weak solution of (233), where Q(t) =
(w1(t), 22(t)) with Q(0) = (29, 29) with —co < 29 < 29 < 0. Then, the following hold:

(1) If W(vo(29)) < 0 and W (vo(x3)) < 0, then Ta < 0o, Q(t) =0 fort > T and

tlggoitelg\v(x,t)! =0.

In this case, the solution is of type (1).
(ii) If W(vo(2?)) < 0 and W (vo(z9)) > 0, then Ta = 0o and
}H?o(‘“(t) at) = T 00, t1l>r£10 zi(t) =a, 1 =1,2,

Jim (a(t) —1(1) = fp,  Jim sup o(a, ) — op(x — 2(1))] =0

for some constants x; « (i = 1,2). In this case, the solution is of type (II).
(iii) If W(vo(2%)) > 0 and W (vo(29)) <0, then T = oo and
tliglo(xz(t) + at) = z; oo, t1l>I£10 ri(t) = —a, i =1,2,

Jim (z2(t) —1(t) = Lp,  lim Sup [v(z,t) — pp(z1(t) —2)] =0

for some constants x; « (i = 1,2). In this case, the solution is of type (II).
(iv) If W (vo(29)) > 0 and W (vg(23)) > 0, then Ta = oo and
3 . — (— i — . 1 I = (— i ) —
lim 2(8) = (~1)'at] = gy, Jim al(t) = (~1)a, i =12,

Jim (z2(t) —21(t) = 0o, lim sup [v(z,t) — Alw; 2 (t), 22(t))] = 0,

E=%0 pelk (t)
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where K is any positive number,
and A is defined in (22200). In this case, the solution is of type (I1I).

3. THE GLOBAL DYNAMICS

We divide this section into three subsections. In the first subsection, we provide some useful a
priori estimates. In Subsection B2, we shall prove Theorem P. Besides, we consider the global
dynamics of problem (Z23) when the number of the initial excitation interval is one, i.e., m = 1,
and show Theorem IZ8. In Subsection BZ3, the global dynamics in the general case (m > 1) will be
discussed and Theorem P8 will be proved.

3.1. Some a priori estimates. The first lemma provides some useful estimates about the right-
most interface x = wap,(t).

Lemma 3.1. Assume that (2,v) is a non-negative classical solution of (IA) for t € [to,T) with
wém() > 0. Then, fortg <t < T, the following hold:

(i) 0 <w(x,t) < U(:U,tg)e*V(tO)(t*to) for x > wop (),

b SUD ¢ (29, (t0),w2m (1)) V(%5 0)
v(to)

(i) (a - bMe—%O)tl) (t = t1) < Zam(t) — Tom(t1) < alt —t1) ifto=0,0 <t <1,

(i) a(t —to) -

= 0] < gy (8) = wa(to) < alt — to),

(iv) tli)rglo(:czm(t) —at) = Too for some T € R and limy_,oo 2, (t) = a if T = o0,

where M is given in (22) and

g2
3.1 t) ;= > 0.
(3.1) W)= ot Olm + 1

Proof. By (E8), we see that v is decreasing in ¢ for = > x9,,(t) and t € [tg,T"). Hence,
_ g2v < _ gav
g3v(x,t) + 914 —  g3v(w,to) + ga
Integrating over [to, t] yields (i).
Recall from (233) that xf,,(t) = a — bv(xam(t),t) for ¢ € [to, T'), which together with (i) imply

(3.2) a — bv(2am(t), to)e YWIE0) < ol (1) < q.

v =g(0,v) = for © > xop(t) and t € [ty, T).

By integrating (B32) over [to, t], we obtain (ii). Next, taking ¢ty = 0 into (B22), we have
(3.3) a—bMe YOt < gl () < a.
By integrating (B23) over [t1,t], we obtain (iii) immediately. For (iv), it follows from (B™) that

Ty, (t) — a as t — 0o and sup; |22 (t) —at| < co. Also, since x9,,(t) — at is monotone decreasing
in t, x9,,(t) — at converges to some x, and then (iv) holds. This completes the proof. O

By using the similar argument as in the proof of Lemma BT, we also have the following results
for the left-most interface z = x1(t).

Lemma 3.2. Assume that (2,v) is a non-negative classical solution of (ICA) for t € [to,T) with
2y (-) < 0. Then, forty <t <T, the following hold:
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(i) 0 <w(z,t) < U(asjto)e_V(tO)(t_tO) for x < zq(t),

b su v(z,t
(i) a(t —to) — Pzefa: (t),21(t0)] (2, %0) _ e (to)(t—t0) < @1 (to) — w1 (t) < alt —to),
v(to)
(iii) <a — bMe_“Y(O)“) (t—t1) <a(ty) —a1(t) <alt —t1) ifto=0,0<t; <t,

(iv) 1tlim (21(t) + at) = 2o for some Tog € R and limy_oo ) (t) = —a if T = o0,
—00
where M and (t) are given in (24) and (B), respectively.
Next, we consider the motions of inner interfaces.

Lemma 3.3. Assume that (Q,v) is a non-negative classical solution of (ICB) for t € [tg, 00) with
zy(-) >0 for k=25 —1,--- ,2m with some j. Then there exists a positive constant C such that

0 < x9j(t) —25-1(t) < C  forallt > 1.

Proof. Set £(t) := x9j(t) — x2j—1(t). By the definition of the classical solution, we see that £(t) > 0
for all ¢ > 0. It suffices to show the existence of an upper bound C. For contradiction, we assume
that there exists a sequence {t,} such that

(3.4) tn, T 0o and £(t,) — oo as n — oo and ¢'(t,) > 0 for each n.

Now we can take any ¢, > 1 such that H(ty,) := t, —Th;(x2;—1(t)) > 0, where T5;(z) is the arrival
time of @ = x9;(t) to z. Then, by the mean value theorem and (Z3), we have
((tn)
H(tn)
where &, € (To;(x2j—1(tn)), tn). Since €(t,) — oo, we must have H(t,) — oo as n — oco. However,
note that

= 25;(n) = a—bv < a.

’Ut(l‘Qj_l(tn), t) = g(l, U(.I‘Qj_l(tn), t)), t e (ng (iL‘Qj_l(tn)), tn).

By integrating it over (T%;(x2j—1(tn)),tn), we have

tn
v(zgj-1(tn),tn) = v(x2j-1(tn), Taj(x2j-1(tn))) +/ 9(1,5)ds
Toj(w25-1(tn))
92
> — = )H(t,) > 00 asn — oo.
> (9= ) Htn)
By (£3), we have ' (t,) = 2a—bv(xaj—1(tn), tn) —bv(z2j(tn),t) = —00 as n — oo, which contradicts
with (B3). This completes the proof. O

3.2. One excitation interval. We first give a proof of Theorem .

Proof of Theorem Z1. We show the existence of a traveling pulse (€2, ). Using the moving coor-
dinate z = = — ct, from (CH) we have

(3.5) —cp,/9(0,0) =1 for z >0 or z < —{p,
(3.6) —cp./g(l,0) =1 for —lp < 2 <0,

if Qt) ={z+ct| —¥¢p <z <0} for some {p > 0.
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Since ¢ is bounded for z > 0, we must have ¢ = 0 for z > 0. Indeed, for each zg > 0 by
integrating (B3) over (zg, z), we have

/50(2) ds 1( )
— = —(Z—20).
»(z0) g(oa S) c

Then ¢(z) — oo as z — oo when ¢(z9) > 0. Hence the boundedness of ¢ implies that ¢ = 0 for
z > 0. By the continuity of the solution, ¢ = 0 for z > 0. Thus, by integrating (84), we have
©(2) = G1((—=2)" /a) for —¢p < z < 0. On the other hand, since both speeds of the front and the
back are ¢, we have

a—bp(0) =c=—a+bp(—Lp).

which implies that ¢ = a and that ¢(—¢p) = 2a/b. Thus, by integrating (83) over (z,—{p),

2a/b d Y]
/ S e for z < —lp.
o(2) g(O,S) a
Thus we see that
l
G51(2a/b) — Gal(go) = P;_ c for z < —{p.
That is,
l
¢(z) = Go <— P;— ‘4 Gol(Qa/b)> for z < —{p.
This proves the existence of a traveling pulse.
Define
_\t
pr(z) =G (( ?) ) for z € R.
a

It is easy to see that (Qp(t), or(x —at)) is a traveling front solution. This completes the proof. [
To prove Theorem EZ8, we prepare the following three lemmas.
Lemma 3.4. Assume Qo = (2{,29). Moreover, assume that
W(vo(ah)) >0, W(uo(x3)) >0,

Then, there are a unique strictly decreasing function z1(-) € C([0,00)) with z1(0) = 2V and a
unique strictly increasing function xo(-) € C*([0,00)) with x2(0) = 23 such that

(3.7) Q) ={z e R | z1(t) <z < z2(t)},
(3.8) tlggo[xz(t) — (—=1)"at] = T 00, tll>rrolo zh(t) = (—=1)a, i=1,2,

Jim (1) — 1(1)) = oo,

(3.9) lim sup fo(x,t) — Az (1), 22(t)] = 0
E=00 pe T (1)

where K s any positive number,
and A is defined in (2221).
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Proof. By Proposition B, there exists a unique strictly decreasing (resp. increasing) function x =
x1(t) € CL([0,00)) (resp. = = xa(t) € C1([0,00))) with z1(0) = 2) (resp. x2(0) = z3) satisfying
1 (t) = =W(v(z1(t),1)) = bv(z1(t),t) —a, t>0
zh(t) = W(v(za(t),t)) == a — bv(za(t),t), t>0
such that (872) holds. Moreover, recall from [0] that v > 0. Note that x = z1(t) and © = za(t)
can be thought of as the left-most interface and the right-most interface, respectively. Hence,
Lemmas BI- B2 are available to insure (B3).
It suffices to show (BH). Set
Ar = {(z,t)| z2(t) <z, t > T > 0},
Br = {(z,t)|x2(t) — K <z < x2(t), t >T > 0}.
By Lemma B, for any given € > 0, we can find T > 1 such that
(3.10) 0 <wv(z,t)<e on Agp,
(311) |x2(t)—at—xoo| <e, t=>"1Tp.
Recall that pp(x — z2(t)) = 0 on Ag,. It follows from (BT) that
(3.12) lim sup |v(z,t) — op(z —x2(t))] = im  sup |v(z,t)] =0.

0 zefwy(t),00) 1200 gefay(t),00)

Next, we focus on the region Br. Recall from Definition P23 that T5(z) is the arrival time of the
interface x = x2(t) at x. That is, To(x2(t)) = ¢ for t > 0. From the equation of v, for 29 < x < x5(t)
and t > To(z), we have

v(z,t) = G1(Gy (v(x, Ta(z))) +t — Ta(x)).
Also, Theorem P gives us
t)—x)* t) —
or(x —x2(t)) = Gy (W) =G <$2(C)L$>, for (z,t) € Br,.
Hence, for (z,t) € Br,, using the mean value theorem and (81), we have

lv(z,t) — pp(z — z2(t))| = )Gl (Gfl(v(m,Tz(x))) +t— T2($)> -Gy (3:2(12—35) ‘

IN

xo(t) —$’

01| GT (0, To()) + t = To(x) -

gi€
a b

IN

(3.13) gl‘Gfl(v(x,TQ(w)))‘ + %|x—aTg(az) o] +

where ||G/1HL°°[0,OO) = Jg1-

On the other hand, by Lemma BT(ii) with tg = Tp and t = T»(x), there exists a positive constant
C such that

|z — aTa(x) — oo| < |22(To) — aTh — Too| + C( sup v(z,To))
z€[z2(To),z]

for all & > xo(Tp). Because of (B1M0), (B1),
(3.14) |z — aT(z) — 20| < e+ Ce  for all x > x9(Tp).
Taking 7 > 1 such that (z,t) € B; implies that © > x2(7p). Then (BI2) holds for all (z,t) € B,
and then the estimate (BT3) satisfies

ge

o(z, 1) — pr(x — 22(1))] < gl‘Gfl@)‘—l—%(e—FCE)—F = for all (z,1) € By.
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Together with the fact that G () — 0 as € — 0, we see that

(3.15) lim  swp |o(z,t) — or(e — za(t))] = 0.
E=00 pc(a (t)— K, w2 (t)]

Combining (812) and (BI3), we see that (89) holds for [z2(t) — K, 00).
Similarly, the above process can apply (by the help of Lemma B™) to show

(3.16) lim sup vz, t) = ep(z1(t) —z)| = 0.
100 ye(—o0,a1 (£)+K]

Also, since z1(t) | —oo and x2(t) 1 0o as t — oo, there exists a sufficiently large Tk := T(K) such
that

17 Maim(Ba(t) = { £ w20 222

for all t > Tx. Combining (812), (B1H), (B8) and (BT4), we see that (B9) follows. This completes
the proof. 0
Lemma 3.5. Assume that Qg = (29, 29) and

W (vo(29)) <0, W(vp(ay)) > 0.

Then there exists a unique strictly increasing function x;(-) € C*([0,00)) with x;(0) = 2¥ fori = 1,2
such that

(3.18) Qt)={x eR | 21(t) <z < z2(t)},

(3.19) tlgglo[:c,(t) —at] = Zj 00, tlgglo ri(t) =a, i=1,2,
(3.20) Jim (z2(t) = 21(t)) = L,

(3.21) lim sup |v(z,t) — pp(x — x2(t))| = 0.

t—o00 z€R

Proof. By Proposition B, there exists a unique function z;(¢) for ¢ € [0,74) with z;(0) = z¥ for
i = 1,2 such that (BR) holds. In fact, T4 = oo. For contradiction, we assume that T4 < oo.
Define (t) := x2(t) —x1(t). Then ¢(Ty) = 0. By (3.18) and Proposition B, there exists § > 0 such
that
zH(t) = a — bu(za(t),t) > 6, te[0,T4)
L) = bo(za(t) —L(t),t) —a >0, te€][0,Ta).

= 0 yield
+0 N a—20
SU(xQ(TA)’TA) < h
which reaches a contradiction. Hence T4 = oo and then £(¢) > 0 for ¢ > 0. Next, by Lemma B,
we obtain (BT9) for i = 2.

Since 2, > 0 (i = 1,2), the arrival time, denoted by T»(z) (resp. by Ti(z)), of the front (resp.
the back) at a position x is well-defined. See Definition EZ3. Note that we have

fL‘é(t) =a-—- bv(xZ(t)vt)’ El(t) = F(g(t)vl?(t)?t)v

Taking t — Ty and using ¢(7T', )
a

where
F(l,z9,t) :=2a — bv(xg — £,t) — bv(za,t).
Then for any given small € > 0, by Lemma B (iii) (with m = 1), there exists ¢, > 1 such that

(3.22) (a—be)(t —Ta(y)) < xa(t) —y < a(t — Ta(y))
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for any y satisfying
(3.23) y <zo(t) and Th(y) > t.
By Lemma B3, ¢(¢) is bounded. Then,
z1(t) = x2(t) — 0(t) > 0 ast — oo.

Thus, we can find t; > 1 such that

To(x1(t)) > to for all t > t;.
This implies that y := z1(t) satisfies (83223). Hence we can put y = z1(¢) into (B222) such that
(3.24) (a— bs){t - Tg(azl(t))} <U(t) < a{t - Tg(xl(t))}

for t > t;.
On the other hand, from the definition of F', we easily obtain

2 — be — bG1 (G;l(s) . Tg(xl(t))) < 0(t) < 2a — bGy (t - TQ(xl(t)))
for t > ¢;. From (B24), we obtain that
((t)
a — be
for t > t;. By the standard comparison principle for ODE, we have

(a — be) [Gl (2%1 — 5) - Gl_l(a)] < lig(i)gfﬁ(t) <limsup/(t) = aGy <2a).

(8:25)  2a—be—bGy (GT () + — = ) () = F(U(L), 2a(0), ) < 20— bGy (ES)>

t—o00 b

Since € > 0 can be arbitrary small, we obtain lim;_,~ ¢(t) = {p. Moreover, by (BZ3), we see that
limy_, o ¢'(t) = 0. Tt follows that

lim T (t) = lim (h(t) = ' (t) =

—00

Hence, (B19) for ¢ = 1 and (8=20) follows.
We now deal with (B221). Using G and G1, we can calculate the function v as follows:

(i) for x < z1(0),
v(z,t) = Go (Gt (vo(2)) + 1) -
(ii) for z1(0) <z < 22(0),

(@, t) = { Gy (Gl_l(vo z))+1), for ¢t < Ty(x),
’ Go (Ggl(v(:n,Tl(a:))) +t—Ti(z)), for ¢t > Ti(x).
(iii) for = > x2(0),
Go (06 )+t), for ¢ < Ty(z),
(z,t) { Gi (Gl (v (a: Tg(:c)) )+t —Ta(x)), for Toh(z) <t <Ti(x),
Go (GyH(v(2, Ti(2))) +t — Th(x)) for ¢t > Ty(x).
By Lemma B4, (820) and the fact that ¢p(z) = ¢p(z) for z > —¢p, we have that

lim sup |v(z+ z2(t),t) — ep(z)| = 0.
t—ro0 —0(t)<z

In particular, putting z = —¢(t) into the above limit, we have
2a
tlgglo v(xi(t),t) — 1= 0,
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which implies that for sufficiently small € > 0, there is a positive constant ¢y satisfying
a—e<zi(t)<a+e for t > to.
Integrating over [T} (z),t] yields
(a—e)(t —Ti(x)) <z1(t) — 2 < (a+e)(t — Th(z))
for to < Ty(x) < t. Namely, for z > x1(t2) and ¢ > T (z), we have

x —x1(t)

(3.26) ‘t - Ni(x) + —

€
< —ft = Ti(2)].
Since t > T (z) where x := z 4+ xo(t) < z2(t) — £(t), we have
[v(z,t) — pp(z — z2(1))]

< ‘Go (Gt (v(z, Ti () +t — Ti(z)) — Go <$—fff1(t)

+ G5 (o1 (0).1))
#lon (<220 s 6w, ) - 6o (T 6 ()]

a a b
< z% t—Ti(x) + Jf—aﬂm(t) + Gyt (v(, Ti(x))) — Gal(v(ml(t),t))‘
+o et g wwm.n) -6 (2],

Thus, using (BZ8) and the fact that v(z, T1(x)) — 2a/b as x — 0o, we have

lim sup [v(z +22(t), 1) — pp(2)] =0
E=00 _ i p(t)<z<—L(t)

for any positive constant K. Using lims_,oc Go(s) = 0 and taking K sufficiently large, we get

lim  sup |v(z+ z2(t),t) — op(2)]
t=00 L < K—4(t)

< lim sup |v(z+x2(t),t)|+t1

m sup |pp(z)| =0.
t=00 < K—4(t) )

i
TR0 <K —L(t

This completes the proof. ]
By the same argument used in Lemma B3, we have the following result:
Lemma 3.6. Assume that Qg := (29, 29) and
W(vg(29)) >0, W(vo(x9)) < 0.

Then there exists a unique strictly decreasing function z;(-) € C*([0,00)) with x;(0) = ¥ fori = 1,2
such that

Qt)={z eR | z1(t) <z < z2(t)},

i . = . 1 I = — ) =
tlgglo[xl(t) + at] = z; oo, tlg})lo x5 (t) a, i1 =1,2,
L (a2(8) — 21(6) = .

lim sup |v(z,t) — pp(x1(t) — x)| = 0.

t—o00 zeR

Thanks to Lemmas B3 and B, we see that the traveling pulse solution is globally asymptotically
stable.
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Remark 3.7. From Lemmas B4-BM, the traveling pulse (resp. front) solution is unique up to a
translation.

We are ready to show Theorem IZ3.

Proof of Theorem Z8. Let us first consider (i). Clearly, Q(t) = () for all ¢ > T4, where Ty < oo.
Then the weak solution becomes a classical solution for ¢ > T4 (see [9]). By (E8), we have
vy = g(0,v) for z € R and t > T4 and, clearly, lim; o sup,cg |v(z,t)] = 0. Note that (ii), (iii)
and (iv) follow from Lemma B3, Lemma BB and Lemma B, respectively. This completes the
proof. O

3.3. Multiple excitation intervals. In this subsection, we consider the dynamics of (23) in
the general case where 0y consists of m disjoint bounded intervals for some m > 1, and then
Theorem 8 will be proved.

To characterize the global dynamics of (E33), it is important to understand how the number of
interfaces of (E33) change in time. The symbolic dynamics is useful to determine the number of
interfaces. We shall use the notations similar to those in [I0]. Set

X = {(Q,v) ‘ v € C(R), Q is a union of disjoint finite open intervals and v|sq # %},

where Q) = quﬁzl(xgj_l,xgj) and 21 < 29 < -+ < 29,

For any given (2,v) € X, we define Z[(€2,v)] as the minimal number of disjoint intervals that
compose Q (the closure of ). Clearly, Z[(2,v)] < m. Moreover, Z[(Q,v)] < m if z; = zj4+; for
some j. When Q = (), we define Z[(Q2,v)] = 0.

Next, denote SGN[(2,v)] as the word consisting of letters £ (i.e., front) and b (i.e., back) defined
as follows: if Z[(,v)] = N and y; < y2 < --- < yan with y; € 99, then

SGN[(,v)] := [wiwawswy...waeN_1WaN],
where
s — {f if W(v(y;)) >0,
! b if W(v(y;)) <O0.
Moreover, when ©Q = 0, SGN[(Q,v)] := [ ], i.e., the empty word. Clearly, the length of the word

SGN[(2,v)] is equal to 2Z[(£2,v)]. We also denote the j-th letter w; of SGN[(£2,v)] by
SGN[(Q, ’U)]ZQN

if Z[(Q,v)] =N and 1 <j <2N.
We give some simple examples to illustrate the notions mentioned above.

Example 3.8. Define v(z) =a/b+ x for x € R.
(i) Given Q1 = (—1,1), we have Q1 = [-1,1] and W (v(x)) = —bz. It follows that
Z[(21,v)] =1 and SGN[(21,v)] = [£b].

(i) Given Qg = (—2,—1) U (1,2), then Qo = [-2,—1] U[1,2] and W (v(x)) = —bx. Hence, we
have

Z[(Q2,v)] = 2 and SGN[(22,v)] = [£fbb)].
Moreover, SGN[(Q2,v)]34 = [ffbb]34 = b.
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(iii) Given Q3 = (=2,1) U (1,2), then Q3 = [-2,2] and W (v(z)) = —bz. Hence, we obtain
Z[(Q3,v)] =1 and SGN[(23,v)] = [£b].

If A, B are two words consisting of £ and b, we write A > B if B is a subword of A. Here a
subword of A = [wiwaws...wan_1waN] is one of [wj, wj, ... wj,,, ] where 0 < M < N, 1< j; < jo <
- < Jam < 2N.
For example, [ffbb] > B for B = [£fbb], [f£], [bb], [fb],[], but not for B = [bf].
From the definition of a subword, we can easily obtain

Lemma 3.9. If A> B> C, then A C.

We are ready to consider the global dynamics of solutions of (223) in terms of the notions given
above. Let (€2,v) be any global weak solution of (223) with Z[Q,v9] = m. By the definition of
weak solutions and Remark PC3, we see that (2(¢),v(-,t)) € X for each ¢ > 0. It follows that
Z[(Q(t),v(-,t)] is well defined for any ¢ > 0. In addition, by Remark P73 and Proposition B, we see
that W (v(z,t)) # 0 for all 2, € 9Q(t), which implies that W (v(yx,t)) # 0 for all y, € 0Q(t). It
follows that SGN[(2(t), v(-,t)] is well defined for any ¢ > 0.

We provide the following proposition for Z and SGN.

Proposition 3.10. Let (2,v) be a global weak solution of (E=3). Then, the following hold:

(i) If an annihilation of (2(t),v(-,t)) does not occur for t; <t < ta, then Z[((t),v(-,t))] and
SGNI[(2(t),v(+,t))] does not change for t; <t < ta.

(ii) If an annihilation occurs at some time to > 0, then Z[(Q(t),v(-,t))] drops k at t = tg
and the length of SGN[(Q(t),v(-,t))] drops 2k at t = ty for some k € N. Moreover,
SGN[((to), v(-,t0))] is a subword of SGN[(Q(to — €),v(-,to — €))] for sufficiently small
e> 0.

(iii) Z[(2(t),v(-,t))] and SGN[(Q(t),v(-,t))] are nonincreasing in t. Namely,

20, 0(> )] > ZUS),0(,5))] o any s> 1,

SGN[(22(t),v(-,t))] > SGN[(Q(s),v(-,s))]  for any s > t.
(iv) Suppose that there exist T >0 and j € {1,2,--- ,m} such that

SGN[(Q(7), v, 7)) ]asan = SEN[(A(7), v, ) aj1.2v = 1.

Then there exists T/ > T such that x2;(7") = ®j41(7"), where x2;(t) and x2j11(t) are the
positions of (2j)th and (2j 4+ 1)th fronts. Hence, an annihilation occurs at t = 7'.
(v) Suppose that there exist 7 >0 and j € {1,2,--- ,m} such that

SGN[(Q(7),v(-, 7))]2j—1.28 = SGN[(Q(7), v(-,T))]2j2n = b.

Then there exists T/ > 0 such that x2j_1(7") = x9j(7’), where x2;_1(t) and x25(t) are the
positions of (25 — 1)th and (27)th backs. Hence, an annihilation occurs at t = 7'.

(vi) There exist T* > 1 and k € {0,1,...,m} such that Z[(Q2(t),v(-,t))] = K for all t > T*
and SGN[(2(t),v(-,t))] never changes for all t > T* with the length 2k. Moreover, (§2,v)

becomes a classical solution of (233) fort > T*.

Proof. Recall Remark 23 that there exists N € N such that (2, v) becomes a classical solution for
t € [1i,Ti+1) for some ¢ = 0,1,..., N with 7p = 0 and 7§41 = 00, where 7; is an annihilation time
for1<i< N -—1.
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For (i), since no interface can generate (because of (C2)), the number of interfaces does not
change for t; < t < to. Hence, Z[(2(t),v(+,t)] does not change for t; < ¢t < to. Moreover, by
Proposition B, the absence of an annihilation implies that each interface |z} (¢)| never vanishes for
t1 <t < ty. Namely, W(v(zk(t),t)) does not change sign for t; <t < to. Hence, SGN[(Q(t), v (-, 1))]
does not change for t; <t < to.

Next we prove (ii). Note that an annihilation only occurs within two adjacent interfaces. By
the definition of Z[(Q(t),v(-,t))], we see that any two adjacent interfaces collide each other at
time ¢¢ implies that Z[(Q(t),v(-,t))] drops 1 at ¢t = ty. Suppose that there are k groups of two
adjacent interfaces which collide at time to for some k& € N. Then Z[(2(t), v(-,t))] drops k at t = to.
Also, in this situation the boundary points of the closure of (¢y) drop 2k and so the letters of
SGN[(2(t),v(-,t))] drops 2k at t = to and the dropped letters consist of k£ group of two adjacent
letters. By the definition of subwords, SGN[(2(to), v(, to))] is a subword of SGN[(2(tg—¢€),v(-,to—
€))] for sufficiently small € > 0.

For (iii), it follows from (i) and (ii) that Z[(€(¢),v(-,t))] is non-increasing in time. By (i), (ii)
and Lemma B, SGN[(2(t), v(-,t))] are nonincreasing in ¢.

We deal with (iv). By Proposition B, x5;(t) > § and 25, (t) < —d for some § > 0. This implies
the existence of 7/. Similarly, we have (v).

For (vi), we see from (iii) and the fact 0 < Z[(Q(¢),v(+,t))] < m that Z[(2(t),v(-,t))] — K as
t — oo for some k € {0,1,...,m}. Since Z[(Q(t),v(-,t))] € N U {0}, there exist T > 1 such
that Z[(2(t),v(-,t))] = k for all t > T*. For t > T*, v never takes a value a/b on any interface.
It means that SGN[(2(¢),v(-,t))] does not change for ¢ > T. By the definition, the length of
SGN[(2(t),v(+,t))] is 2. This completes the proof. O

We note that if SGN[(£2(0), vo)]2j—1,28 = SGN[(£2(0),v0)]252n = £, two fronts do not collide and
the j-interval converges to A(x;x2j—1,22;) as t tends to infinity if these fronts exist for all large
time.

Given two words A = [ajay....asn]| and B = [b1ba...baps], we define

AY B := [alag...angle...bgM],

k—times

——
EA=AYAY..YA kel
We also set [ | Y A=A, AY[] = A and 0A = [ ]. Three different types of words are defined as

follows:
the word of type (I): [],
the word of type (II): m_[fb] Y m4[bf] where my € NU {0} and (m_,my) # (0,0),
the word of type (III): m_[fb] Y [££] Y m [bf] where m4+ € NU {0}.

Proposition 3.11. Let (2,v) be a global weak solution of (E23). Then, there exists T* > 0 such
that SGN[(Q(T™),v(-,T*))] is one of the types (I), (II) or (III).

Proof. By Proposition B0 (iv), there is a positive constant 7™ such that Z[(Q(t),v(-,t))] and
SGN[(2(t),v(-,t))] never change for all ¢ > T*. Set N := Z[(QUT™),v(-,T*))] < m and w :=
SGN[(2(t),v(-,t))]. If N =0, w =[], which belongs to the type (I). When N = 1, we divide into
four cases:

(1) If w = [£b], then w is of type (II);
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(2) If w = [££], then w is of type (III);

(3) If w = [bb], by Proposition BI0(v), an annihilation occurs at some ¢ > T™*. This contradicts
the choice of T™;

(4) If w = [bf], then w is of type (II).

From the above discussion, the conclusion holds for N = 1. Assume that there exists either
waj—1wa; = bb with j € {1,2,--- N} or wyjwa;j1 = £f with j € {1,2,--- ,N — 1}. By Proposi-
tion BIM, an annihilation occurs at some t* > T, which means that Z[(2(¢), v(+,t))] drops at least 1
at t = t*. This contradicts the choice of 7. Now we claim that if w does not include wy;_1wz; = bb
nor wojwo;jy1 = £f, then w is of type (II) or type (III) by the induction on N € N. The case of
N =1 has been shown already. Assume that this holds for N = 1,--- ,n. Then, for N =n + 1,
W = [Wiwaws - + - Wop+1Wap42] With the length 2n 4+ 2. The subword W' := [wiwaws - - - Wap—1Way]
does not include wgj_jwa; = bb nor wojwyjr1 = £f. Hence w’ is of type (II) or type (III). If
wayy, = £, then w11 must be b because of the assumption. Then wa,42 must be £. This means
that w = w’ Y [bf] is of type (II) or type (III). Next consider the case where wa, =b. We note that
w’ must be n[fb] in this case. Then wa,1 is arbitrary, namely, b or £. For the former case, way 42
must be £. This means that w = w’ Y [bf] is of type (II). For the latter case, wa,+1wan+2 = £b or
ff. In the case of wo,t1wont+2 = b, w = n[fb] Y [£b] = (n + 1)[fDb] is of type (II). In the case of
Wan4+1Want+2 = £, w = n[fb] Y [££] is of type (III). By the induction, this completes the proof of
Proposition BT. O

Remark 3.12. From Proposition B, we can investigate the possible global dynamics of (223)
after t = T*. By Propositions BI0 (vi) and BT, SGN[(Q(T™),v(-,T%))] is one of the types (I),
(IT) or (III) and we can assume that the solution is a classical solution for ¢ > T*. For the
corresponding word SGN[(Q(T™),v(-,T%))] being of type (I), the global dynamic is simple since

limy 00 SUP R |v(2, t)| = 0.
Hereafter, when SGN[(Q(T™),v(-,T%))] is of type (II), we can write
(3.27) SGN[(QT*),v(-,T*))] = m_[£b] Y m [bf]

for some my € NU {0} and (m_,m4) # (0,0).
When SGN[(Q(T™),v(-,T*))] is of type (III), we can write

(3.28) SGN[(Q(T™), v(-, T*))] = m_[£b] Y [££] ¥ m [bf]

for some my € NU{0}.
For the word being of type (II) or (III), we investigate the asymptotic distance between adjacent
two interfaces as follows.

Proposition 3.13. Let (2,v) be a classical solution for t > T* with interfaces

Toom_(t) < - <a_1(t) <z1(t) < < Tom, (1)
(resp. T_om_(t) < -+ <x_1(t) <y—1(t) <y(t) <x1(t) < -+ < Tom (1))
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and SGN[(Q(T™),v(-,T%))] is of type (II) (resp. type (1II)). Then ast — oo,

1 )
(3.29) xgj(t)—xgj_l(t)zgp—l-O( +> forji=1,...m4,
t%
(330) $2j,1(t) — .’EQJ',Q(t) > 5; 10gt fOT j = 2, ey My
1 ,
(3.31) x_2j+1(t) - x_gj(t) =/lp+ 0(77> forg=1,...m_,
t%
(3.32) ."LLQjJrQ(t) — T—-2j+1 (t) > 5; logt fOTj = 2, ey M—y
(3.33) |241(t) — y41(t)] > 67 logt, tlim Y (t) = +a if yyy exists,
(3.34) tli)m z(t) =+a fork==+1,--- +2my,

where a;-t and (5;.—L are positive constants.

To prove Proposition B3, we prepare the following lemmas.

Lemma 3.14. Assume the same hypotheses of Proposition B13. Also, assume that there exist
constants C > 0 and oy, € (0,1) such that

(3.35) 0 < v(aop(t),t) < Ct %, ¢>T*
for some k € {1,2,--- ;m4}. Then
Xop(t) — Top—1(t) = lp + O(t™ ) as t — oc.

Proof. Set £(t) := xax(t) — xo5—1(t). Then

(3.36) (8) = (1) — 1 () = 20— bo(@an(t), ) — bolwap_1(2),1).
By (B34) and (Z3), we have

(3.37) a—bCt= < zb, (t) <a, t>T*

Integrating (B=37) over (7,t) with 7 > T yields

<a - %Ck)(t 1) < won(t) — won(r) < alt — 7).
Taking ¢ > 1 such that 7 = Th(xox_1(t)) > T, where Toi(2) is the arrival time of z = x9x(t) to
z, we have
bC
(- To(war—1 (D)

In particular, from (B=38), we have

(3.38) )(t = Tog(war—1(1))) < £(1) < a(t — Tar(z2k-1(1)))-

Top(wop—1(t)) =t — a ﬁ(i)(l)

Also, because of the boundedness of ¢(-) (Lemma BZ3), there exist k > 0 and T" > T™ such that
(339) Tgk(.%'gk,l(t)) Z t—x fort Z T.

Together with (B238), we see that

(3.40) E(at) <t = Top(z2e-1(8) < —— bszgtz e

Taking 7' large enough, we can assume that

(3.41) 0< g <a—bO(t—r)" fort>T.

as t — 00.
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We now estimate v(xar—1(t),t). For this, by (B233H) with ¢ replaced by Tox(zor—1()),

(3.42) 0< v(a:Qk_l(t),Tgk(xgk_l(t))) < OTop(woger (1))~ < O(t — k)™,

where the last inequality holds by using (B=39). Also, note that
v(zek-1(t),t) = G1 (G (v(@2k—1(), Tor(w2x-1(1)))) +t — T2k($2k71(t))>'

Then using (820), (842) and the strict monotonicity of G; and G7! yield that

(3.43) Gl(@) < v(xop_1(t),t) < Gy <G1—1<C’(t —~ H)*ak) +— bCiEtz ﬂ)ak> :
Combining (8238), (B233) and (BZ3), we have, for t > T,
2a — bCt™* — bG4 <G1_1 (C(t - "43>7ak> + o — bcfitz K/)—Olk> < U(t) < 2a =Gy (?)

Consider the following ODE:

7(t) = 2a — bG, (W)) UT) = (T).

a

It is not hard to see that £(t) tends to £p exponentially. By comparison, for all T >> 1,
- C!
(3.44) 0t) — tp < U(t) — p < Cre ' < #Ti t>T

for some positive constants p, C1 and Cy. Hence, we obtain an upper estimate of ¢(t) — {p.
We need to get a lower estimate of ¢(¢) — ¢p. The mean value theorem implies that

061 (2 + g ) = b6 (2 et ) w00 — )

where
b 2b
(3.45) 0<uv = <91 - 92> - <w(t) < =
g3/ a a
for t > T because of (821) and (7). It follows that
(3.16) ¢(0) 2 Q) — v — L),
where

Q(t) :=2a — bCt* — bG) (Gfl (C(t - H)_O‘k) + o= bCéP_ H)_ak> :

By the I’'Hospital rule, it is easy to obtain
lim Q) =
t—o0 %%
for some § > 0. Hence, there exists K > 0 such that Q(t) > — Kt~ for all t > T. Together with
(823), we have

(1) — Lp) > — o — u()(E(t) — Lp).

tow

By multiplying both sides by eJr V() and integrating them over [T, ¢], we obtain

T

(3.47) ((t) —lp > (U(T) — p)e” - K / L ives g
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for t > T with sufficiently large T'. Since 0 < o < 1 and

t t
iei f: U(S)deT S / Leil/l(tiT)dT

T T T T
(t+T)/2 t a
< / )/ ie_yl(t_T)/QdT _|_/ Le_'jl(t_T)dT
T Tk (t+T)/2 (t + T)Oék
1 2%k
—v1(t=T)/2
T Ty
where v is defined in (BZH), we obtain
Ktl—ok 2% K C
0t) —bp > (U(T) — ¢ - (@-7) D " —n@-T)/2 4 " V3
(1) = bp 2 (HT) = Lp)e (1-— ak)e v(t+T)x —  tox
with some positive constant Cs when T is sufficiently large. Combining (BZ1) and (824), we
complete the proof. O

Lemma 3.15. Assume that all hypothesis of Lemma are satisfied and that xb,_,(t) > 0. Then
The () = a as t — oo,
Top—1(t) — op—2(t) > d1logt  ast — oo,
v(zop—_o(t),t) = O(t™%)  ast — oo,

where §1 is a positive constant and 0 < ap < 1.

Proof. Let h(t) := xor—1(t) — wor—2(t). By simple calculations, we have
W(t) = ahy_1(t) — 2h_o(t)
= b’U(LEQk_l(t), t) — 2a + b’U(.’EQk_Q(t), t).
The term v(zax—1(¢),t) has been estimated in (843). To obtain an upper estimate of v(xor_o(t),t)
for large t, we divide our discussion into two steps.

Step 1: A lower estimate of h.
First, since vy = g(0,v) > —gov/g4 for xop_o(t) < x < wop_1(t) and t > T,

(3.48) v(@2r—2(1), 1) = U<$2k—2(t), Tzi.c—l(aczk_Q(t)))e_3721 (t_T%’l(x%”(t)))

for all large t, where Th;_1(%) is the arrival time of = x9;_1(¢) to z. As in the proof of (B1), we
see that

(3.49) The 1(t) »a ast— oo

By the mean value theorem, we see that

h(t) _ @op—1(t) — wop—1(Tor—1(war—2(t))) vu mst s oo
t — Tor—1(z2—2(t)) t — Top—1(za—2(t))
Thus there exists 7 > T such that
h(t
(3.50) a—e< ®) <a+e t>T.

t — Top—1(zok—2(t))
By (BZ8) and (B:h0), we have

\%

v(zop—_a(t),t) > U(kaQ(t)7T2k1($2k2(t))>€_zi(s<ji>

> Cle—)\h(t)7
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for some C; > 0 and A := ga2/[gs(a — €)]. Together with (823) and the mean value theorem, we
have

W(t) = bu(zar-1(t),t) — 2a + bv(za—2(t), )

> bGy (13(;)) — 2a 4+ bCye M)

1
= (zp) +v(t)(£(t) — €p) — 2a + bCre M)
= u(t)(U(t) — Lp) + bCie M)

for some v(t) > 0 having a positive lower bound and #(t) := woy(t)— ok _1(t). Then, by Lemma B4,

we have

~

K
W (t) > —r t Coe MOt > 7

for some positive constants K and Cy := b(h.
Let P(t) := e®) . Then we have

Since 0 < ap < 1 and P is positive, for a sufficiently large constant 7, there are a constant
d € (0,C2/K) such that

P(7) > 67%%,  (Cy — K8)A > apdr® L.
Then

o~ o~

A . K\
P — §t%) 4+ Co) — KX\§ — oot 1 > _tTk(P — OtF)

(P() = 6174 = =22

for any ¢t > 7. Thus P(t) > 6t®* for all t > 7. Thus, there is a positive constant C3 such that
(351) h(t) > 51 logt - Cg
for all large t, where

ar  opgala —e)

01:= — =
' A g2

Thus Step 1 is completed.
Step 2: An upper estimate of v.
By (B23), we have

0 <wv(z,t) < v(wop-1(t),t) < M* for zopo(t) <o < wop1(t), t > T7

with a sufficiently large constant 7% where M* := max{4b/a, M }. Since vy = ¢(0,v) for zox_o(t) <
x < xop_1(t) and t > T,

——92 | t—Top_1(xon_
0 < v(wap—2(t),t) < U<$2k—2(t)7T2k—1(902k—2(75)))€ g8l oa (t e {ra 2<t))>

for all large t. Then there exists a positive constant Cy such that
0 < v(zop_s(t),t) < CyeHt=Tor—1(z26-2(1)))
for all large t, where pu := g2/(g3sM™* + g4). By (8350),

0 < v(2op_a(t),t) < Cye )
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for some i := pu/(a+€) > 0 and for all large ¢. Together with (B321), we get

(3.52) v(zap_o(t),t) = Ot~ %)  ast — oo,
where
- X axga(a —€)
Qg = 161 = € (0,1).
BSOS A gt © Y

Then Step 2 is completed.
By combining (8729), (B351) and (8532), the proof of Lemma B3 is completed. O

By the similar argument as in Lemma B4 and Lemma BTH, we have the following two lemmas.

Lemma 3.16. Assume the same hypothesis of Proposition E13. If there exist constants C' > 0 and
ag > 0 such that

0 < v(ma(t),t) < Ct, t>T*
for some k € {—1,-2,--- ,—m_}, then
Top+1(t) — xox(t) = lp + Ot~ ) as t — oc.

Lemma 3.17. Assume that all hypothesis of Lemma BI8 are satisfied and that 33,21:4—2 (t) < 0. Then

T (t) =& —a ast — oo,
Topy2(t) — wopy1(t) > g logt as t — oo,
v(@ok2(t), ) = O(™) as t — 00,

where 0y, and oy, are positive constants.
By Lemmas B-82 and Lemmas BT4-8T4, we prove Proposition B3 as follows:

Proof of Proposition BI3. We start with j = m,. Since x = w2, (t) is the right-most interface
with x5, (t) > 0, by Lemma B(iv), z3,,, (t) — a as t — co. Also, by Lemma BT(i), there exist
constants Cy,, > 0 and ay,, € (0,1) such that (B335) holds replacing k, C' and aj, by my, Cp,,
and oy, , respectively. Hence, Lemma BT4 can be applied to obtain (B229) with j = m.. Next, by
Lemma BT3, we obtain (BZ30) with j = m4 and (BZ32) with £ = 2m4 — 1. In addition, Lemma BTH
also gives v(xam, —2(t),t) = O(t™*™+) for some oy, € (0,1), which allows us to apply Lemma B14
with & = my — 1. By repeating this process for j = my — 1, -+ ;1 sequentially, we can derive
(3729), (B30), (B333) with positive index and (B=34) with positive k.

Similarly, we can show (B331), (B232) and (B=33) with negative index and (B23d) with negative k
using Lemma B, Lemma BT84 and Lemma BT7A. This completes the proof. O

We are ready to show Theorem .

Proof of Theorem Z@. From Proposition BT1 and Remark B2, we may assume that (Q,v) is a
classical solution for ¢ > T (for some large T') with the word w := SGN[(Q(T'),v(-,T))] is of type
(X) for X=I, II, III. As mentioned in Remark B2, if w is of type (I), clearly, the solution is of
type (I). Namely, the conclusion (I) of Theorem PG holds.

Next, we consider the case where w is of type (II), i.e., (8224) holds. By Proposition B3, we
know that (Z1), (212), (214), (E3) and (Z13) hold. So we only need to show (Z18). Recall
that T;(y) is the arrival time of the interface x = z;(¢t) (i = —2m_,...,—1,1,..,2my) to y. Note
that the numbering of interfaces is different from problem (23).

Now, by using Gy and G, we can compute the function v(z,t) as follows:
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(i) For x > x9p,, (t) and t > T,
v(z,t) = Go (Gy (v(z,T)) +t—T).
(ii) For zop_1(t) <z < wor(t) and t > Top_1(zo(T)) with k =1,...,m4,
v(z,t) = G1 (G (v(@, Tor())) + t — Tox(x)) .
(i) For xop_o(t) < @ < xop_1(t) and t > Tog_o(wor—1(T)) with k =2,...,m,
v(z,t) = Gy (Gal(v(x,Tgk,l(x))) +t— Top_1()) .

(iv) For z_1(t) < x < z1(t),

Go (Ggl(v(x,Tl(az))) +t—Ti(z)) for 1(T) < x < z1(t), t > T1(z),
v(z,t) =<{ Go (Gy'(v(x,T)) +t—T) for x_1(T) <z < 21(T), t > T,
Go (Gal(v(x,T_l(x))) +t—T q1(x)) for z_1(t) <z <z_1(T), t > T 1(z).

(v) For # < 2_om () and ¢ > T,
v(z,t) = Go (Gy' (v(2,T)) +t - T).
(vi) For wo(t) <z < wopq1(t) and ¢ > Togyq (w2 (7)) with k= —m_, ..., —1,
v(x,t) = Gy (G (v(w, Top(x))) + t — Top()) -
(vii) For @op 1 () < & < wapsa(t) and ¢ > Topsa(wapsr(T)) with k = —m_, .., =2,
o(@,1) = Go (G (v(x, Tog41 (2))) + 1 — Topss (2)) -

By (211) and the form of ¢p given in Theorem P, vy (z,t) can be represented by Gp and G;
as follows:
(1) For x > 29, (t) and t > T,

-1

vsolz,t) = Y Go (—””"Qj(t)_”quuaol <2;>>:=g_(:c,t).

. a
j=—m_
(2) For l‘2m+(t) —Ip<z< 1‘2m+(t),
vool,) = G (WM) 0 (1).

(3) For wop—o(t) <z < zoi(t) — lp, k =2,...,m4,

v t) = g(az,t)—kcho (_az—ij(t)+€P+Gal <2ba)>

a

(4) For xgkfg(t) - Ep <z < $2k72<t), k= 2, ey My,

voola,t) = Gy <W>+g‘(x,t)+§00 (—w_ij(t)JrgPJrGol <2b“>>

=k

(5) For JI_Q(t) +ilp<zx< l‘z(t) —Up,

Voo(z,t) = g(:c,t)+;§G0 (—x_%(tHePJrGgl (2;))

a
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(6) For o < z_op,_(1),

Voo (2, 1) ZG0< x_mjc(tt) +ép + Gyt (?)) = GT(z,1).

(7) For x_9y_(t) <z < x_9p_(t) + lp,
x

voo(,1) = Gy L T2me >+g+(x,t).

(8) For $2k( ) lp<x< x2k+2( )7 k= —Mm_,.., =2,

Voo(z,1) = Z Go (—xQﬂ() aw+€P+GO <2ba>>+g+(:c ).

Jj=—m_
(9) For xopia(t) < x < mopy2(t) +lp, k= —m_,..,—2,
k
T — Topro(t) To;(t) —x + Lp _1{ 2a
veo(x,t) = Gy <a+> + Gt (x,t) —i—j:z;n Go <— J " + Gyt 5 ) )

Later we will use the following fact several times:

(3.53) lim sup |G (z,t)| =0.

t——+o0 xle(t)
Indeed, in view of (EZ1), we have

x9j(t) — & < woj(t) —x1(t) - —o00 ast — 400

for z > x1(t) and j = —m_, ..., —1. Together with the fact Go(+00) = 0, we see that (853) is true.
Similarly, we can obtain
(3.54) lim sup [Gt(z,t)| =0.

t=+oo z1(t)

From (i) and (1) we see that

lim  sup |v(z,t) — voo(z, t)]

t—+o0 1‘2&32m+ (t)
< lim sup  |Go (Gt (w(z,T)) +t — + lim sup |G (z,t)|.
t—+o00 xzxngr (t) ‘ ( 0 ( ( )) )‘ t—4o0 gv>:l:2mJr (t) ‘ ( )‘

By Go(—l—OO) =0,
lim  sup |Gy (Gal(v(x,T))+t—T)} =0.

t——+o0 x2x2m+ (t)
Together with (B53) and {z > 29, (1)} C { > z1(t)}, we then obtain
(3.55) lim  sup |v(z,t) — voo(z,t)] = 0.
t—+o0 x2$2m+ (t)

From (ii), (2) and (ZT3), we see that

lim sup |v(z,t) — Voo (2, 1)
t—+o0 w2'm+71(t)gm§x2m+ (t) >

< lim sup ‘Gl (GT (v(z, Tom, (2))) + t — Tom, (2))

EH0 g, 1 () <w<wom (1)

—G%W)’ + lim sup ‘g*(x,t)| .

E 400 gy 1 () <w<wam, (1)
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By the similar argument used in Lemma B4, we have

lim sup ‘Gl (Gl_l(v(x,TQm+(x))) -|-t—T2m+(x)) -Gy <M>‘ = 0.
t—+00 x2m+—1(t)§93§12m+(t) a

Together with (2132), (853) and {x > xom, —1(t)} C {z > x1(t)}, we then obtain

(3.56) lim sup [v(z,t) — voo(, t)| = 0.

Tam  —1(t)<z<z2m , (1)

Given k € {2,...,m4 }, from (iii), (3) and (213), we see that

lim sup [v(x,t) — Voo (, )|
b0 g o (t) Sw<wap—1 (1) ~
< lim sup ‘GO (G (v(@, Top—1())) +t — Top—1(z))
b0 g o (t) Sw<wa—1 (1)
— t)+ ¢ 2
—Go (_37 Tok(t) + Lp e ( a)) ‘
a b
+ lim sup G (z,t)
E=F00 ggp—a(t) Sw<zap_1(2) ’ ‘
my
— x9i(t) + 4 2
E2 400 o (t) <z <wap—1(t) =k a b
= J1+ Jo+ Js.

By the similar argument used in Lemma B3, we have J; = 0. By (833), Jo = 0. For J3, using
(Z13), we have x — x9j(t) = —oo for j =k +1,---my. Then, using Go(4+00) = 0, it follows that
J3 = 0. Hence, we have

(3.57) lim sup lv(x,t) — voo(z,t)| = 0.
b0 gop o (t) <w<map_1 (1)

Given k € {1,...,m4 — 1}, by (ii) and (4) replaced k by k + 1, we obtain

lim sup |v(x,t) — Voo (, )]
b2 00 gy (B Sw <o (t)
. _ Top(t) —
< dm o osw |Gy (G (o Takle)) + £ — Tan(w) — G () ‘
b0 gop 1 (1) <w<mon(t) ( ' ) a
+ lim sup |G~ (,t)]

b0 o1 () Sw <o (1)

my

+ lim sup Z Gy (—x_ij(t)—i_eP—i-Gal (2@)) )

t—-+o0 xgkfl(t)§$<x2k(t) j=k+1 a b

Then, using the process used in deriving (B58) and J3 = 0, we can have

(3.58) lim sup |v(x,t) — voo(z, t)| = 0.

b0 gop 1 (1) Sw <o (1)

Also, by (iv) and (5) we can prove

(3.59) lim sup |v(x,t) — Voo (z, )| = 0.

=400y | (t)<z<zi(t)

since limt_>+oo Supx_l(t)<x<x1(t) |U(l‘, t)| =0 and limt_>+oo supx_l(t)<x<x1(t) ‘Uoo (.’L‘, t)‘ =0.
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By using the same argument as above, we can show

3.60 lim sup |v(z,t) —veo(x,t)] = 0.
(3.60) i, s o) = v

Combining (B5H)-(BH0), we have proved (EI8) when w is of type (II). Therefore, the solution is
of type (II) when the word w is of type (II).

Finally, we claim the classical solution (€2, v) of (23) for ¢t > T is of type (III) when w is of type
(III), i.e., (B228) holds. By Proposition B3, we know that (ZI1)-(213) and (ZI8) hold. So we
only need to show (2I9). Similarly, we define T;," (y) and T}, (y) are the arrival time of the interface
x =1y1(t) to y and = = y_1(t) to y, respectively. Now we compute the function v(x,t) for t > T as
in the previous case. In fact, (i), (ii), (iii), (v), (vi) and (vii) given in the above still hold in this
case. For the remaining region,

(iv-1) For y1(t) <z < z1(t) and t > T (z1(T)), simple calculations give
v(z,t) = Gy (Ggl(v(x,Tl(ac))) +t—Ti(z)).
(iv-2) for y_i(t) <z < y1(t),
G1 (G7H(o(z, Ty (2))) +t = Tgf (), for 9u(T) <z <wu(t), t > Ty (@),
v(z,t) =4 G1(Gy'(v(2,T))+t-T), for y(T) <z <wy(T), t>T,
Gy (G (0o, Ty (@) +E— Ty (), for ya(t) <z < y1(T), t= Ty (o).
(iv-3) For z_1(t) < x <y_1(t) and t > Ty (z_1(T)),
v(z,t) = Go (Gy ' (v(z, T-1(2))) +t — T_1(2)) .
For x > xa(t) —£p, it is easy to check v (2, ) is represented in (1)-(4); while v (x, t) is represented
in (5) if y1(t) <z < x2(t) —lp and x_o(t) + lp < x < y_1(t). When = < z_5(t) + {p, voo(x,t) is
represented in (6)-(9). By using the argument in deriving (27I8), we can obtain
3.61 lim sup |v(x,t) —veo(z,t)|= lim sup |v(z,t) —vo(x,t)] = 0.
B8 lim s o) (e = lm s et~ (o)

Finally, we need to show that

(3.62) lim sup |v(x,t) — voo(z,t)| = lim sup |v(x,t) — voo(z, t)| = 0.
EH90 e (s ()1 ()+K] 490 e (g1 (1)K i (1) h

Notice that

Voo(z,t) = Gy <y1(tl_x> + G (z,t) + G (z,t), yi(t) — K <z <ui(t),

vl t) = G (x‘i-l(t))wu,mg*(x,t), Yt <z <ya(t) + K.

Then, by (iv-3), (B53), (B54) and using the similar argument as in the proof of Lemma B4, we
can derive (B62). In view of (BH) and (BH2), we see that (2219) holds. Therefore, the proof of
Theorem P8 is completed. ]
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